Abstract. In this note, we show that given a smooth affine variety X over an algebraically closed field k and an effective (possibly non reduced) Cartier divisor on it, the Chow group of zero cycles with modulus CH 0 (X|D) is torsion free, except possibly for p-torsion if the characteristic of k is p > 0. This generalizes to the relative setting classical results of Rojtman (for X smooth) and of Levine (for X singular).
1. Introduction 1.0.1. Let k be an algebraically closed field. If X is a smooth projective variety over k, the classical theorem of Rojtman [20] asserts that the Albanese map α X : CH 0 (X) → Alb X (k) induces an isomorphism of torsion subgroups (modulo p-torsion in characteristic p > 0, the p-part being later fixed by Milne in [18] ). Since then, the theorem has been improved in several ways.
Dropping the projective assumption and replacing the Chow group of 0-cycles with the Suslin homology group H S 0 (X, Z) = H Sing 0 (X), Barbieri-Viale-Kahn [1] and Geisser [6] recently proved independently that if X is a reduced normal scheme over k, then the Albanese map induces an isomorphism
up to p-torsion groups, refining previous results by Spieß and Szamuely [22] .
In a different direction, closer to the original geometric proof, Levine gave in [14] a generalization of Rojtman's result to singular projective varieties with singularities in codimension ≥ 2, showing that the Albanese map induces an isomorphism α X : CH 0 (X, X sing ) tors ∼ − → Alb(X) tors up to p-torsion, where CH 0 (X, X sing ) denotes the Levine-Weibel cohomological Chow group of X relative to X sing , and Alb(X) is here Lang's Albanese variety. The group CH 0 (X, X sing ) is the quotient of the free abelian group on the set of regular closed points of X by the subgroup generated by cycles that are push-forward to X of divisors of rational functions on integral curves missing X sing . If the singularities of X are in codimension 1, the relations among admissible cycles are more complicated, since one has to allow curves C that meet the singular locus nicely (i.e. defined by a regular sequence at each point of C ∩ X sing ). In this case, the subgroup of relations R 0 (X, X sing ) is generated by cycles of the form ν C, * (divf ) for C a good curve relative to X sing and f a rational function on C that is a unit at each point of C ∩ X sing .
1.0.2. For X = Spec(A) an affine k-variety, Levine proved another generalization of Rojtman result in [15] (see also [24, Section 7] ). Theorem 1.1 ([15] , Theorem 2.6). Let X be an affine k-variety over an algebraically closed field k. Then the cohomological Chow group CH 0 (X, X sing ) is torsion free, except possibly for p-torsion if the characteristic of k is p > 0.
As a consequence, he could prove that the cycle class map CH 0 (X, X sing ) → K 0 (X) is injective, identifying the image with the subgroup F 0 K 0 (X) of K 0 (X) generated by the classes of smooth points of X (this actually requires quite a bit of extra work, since one has to invoke the theory of Chern classes as developed in the unpublished manuscript [13] 1.0.3. Let now X be a quasi-projective smooth k-variety equipped with an effective (and possibly non-reduced) Cartier divisor D. Let CH 0 (X|D) be the relative Kerz-Saito Chow group of 0-cycles on X with modulus D. This is defined as quotient of the free abelian group of closed points of X \ D modulo the subgroup generated by cycles of the form ν C, * (divf ), where C is an integral curve in X, properly meeting D, and f is a rational function on C that is congruent to 1 modulo the pull back to the normalization of C of the divisor D. When X is a projective curve over a field k, the group CH 0 (X|D) is by definition the group of divisors on X \ D having a fixed trivialization along D and agrees with the group of k-rational points of the Rosenlicht-Serre generalized Jacobian Jac(X|D) as defined in [21] .
Starting from the two definitions, it's tempting to compare the cohomological relative Chow group of Levine-Weibel with the Chow group of 0-cycles with modulus of Kerz-Saito. Replacing X sing with D, we see that the two Chow groups are quotients of the same set of generators, subject to relations given by rational functions having a prescribed behavior along the restriction to D. One of the goals of this note is to show that many techniques developed by Levine and others for the cohomological Chow group can be extended to the modulus setting. More precisely, we prove the following version of what one can call an affine Rojtman theorem with modulus. Theorem 1.2. Let X be a smooth affine k-variety of dimension at least 2, D an effective Cartier divisor on it. Then the Chow group of 0-cycles on X with modulus D, CH 0 (X|D), is torsion free, except possibly for p-torsion if the characteristic of k is p > 0.
Note that there is a well defined relative cycle class map (for X not necessarily affine, see for example [4, Theorem 11.6 ], but also [2, Theorem 4.4.10] for a different approach)
where K 0 (X, D) is the relative K 0 -group of the pair (X, D), that is a particular instance of a more general construction. However, without a good theory of relative Chern classes (or Chern classes with modulus) at hand at the moment, we can't deduce directly from our Theorem 1.2 the injectivity of the cycle class map cl X,D .
In [4] , the injectivity of cl X,D for X a smooth quasi-projective surface is obtained as byproduct of a factorization result for the Levine-Weibel Chow group of 0-cycles of the "double variety" S(X, D), obtained by glueing two copies of X along the given divisor D (see [4] , Theorem 1.8). The double construction, together with results of Krishna and Levine on torsion cycles on singular affine varieties recalled above, allows one to prove a stronger version of our Theorem 1.2, encompassing p-torsion as well (this is [4] , Theorem 5.12) .
In this note we use a different (and more direct) argument, strongly inspired by the original works of Levine [15] , and that does not rely on the decomposition Theorem proved in [4] . In fact, in the proofs we essentially reproduce and adapt Levine's arguments to our context. This is a continuation of our study of torsion 0-cycles in [3] .
2. Zero cycles with modulus 2.0.1. We briefly recall the definition of the Kerz-Saito Chow group of 0-cycles with modulus (see [10] ). For an integral scheme C over k and for E a closed subscheme of C, we set
where U runs over the set of open subsets of C containing E (the intersection taking place in the function field k(C) × ). We say that a rational function f ∈ G(C, E) satisfies the modulus condition with respect to E.
Let X be a scheme of finite type over k, and let D be an effective Cartier divisor on X. Write U for the complement X \ D and Z 0 (U ) for the free abelian group on the set of closed points of U . Let C be an integral normal curve over k and let ϕ C : C → X be a finite morphism such that ϕ C (C) ⊂ D.
The push forward of cycles along the restriction of ϕ C to C gives a well defined group homomorphism
sending a function f to the push forward of the divisor div C (f ).
Definition 2.1. We define the Chow group CH 0 (X|D) of 0-cycles of X with modulus D as the cokernel of the homomorphism τ :
where the sum runs over the set of finite morphisms ϕ C : C → X with C normal and such that ϕ C (C) ⊂ D.
2.1.
Relative Picard and cycles with modulus. We recall here some basic results about the relative Picard group that we will use later in the text (see [25, §2] ). Let X be a scheme and let Y be a closed subscheme of X. 
and we can identify Pic(X, Y ) with the cohomology group H 
If Y does not admit an affine open neighborhood, the last map in the displayed sequence is no longer surjective: its image agrees with the subgroup of Pic(X, Y ) consisting of liftable elements. See [9, 3.2] . We need the following auxiliary Lemma to relate the relative Picard group with the Chow group with modulus (in the case of curves). Lemma 2.2. Let f : C ′ → C be a proper surjective morphism of integral k-schemes of finite type and let E ⊂ C be an effective Cartier divisor. Then, for E ′ = f * E, we have an injection
Proof. By [9, Lemma 2.7.2], the system {f
′ , whence the claim follows.
2.1.2. Let C be an integral curve over k and let E be an effective Cartier divisor on C. Write C = C \ E. Then we have a map Div(C, E) → Z 0 (C), obtained by sending a Cartier divisor to its associated Weil divisor (whose support is, by definition, disjoint from E). Let ϕ : C N → C be the normalization morphism. According to Definition 2.1, we have the following presentation of the Chow group of 0-cycles with modulus on C
Combining Lemma 2.2 (for f = ϕ) and (2.2) we obtain then a natural map Div : Pic(C, E) → CH 0 (C|E) which is, in general, not surjective nor injective. If C happens to be normal, it is classically known that this map is an isomorphism (see e.g. [21] ): if C is moreover projective, we can identify the degree-0-part of CH 0 (C|E) with the group of k-rational points of Jac(C|E), the (connected component of the identity of the) Rosenlicht-Serre generalized Jacobian of the pair (C, E) (see also [9, 9.4.1] ). If C is normal (i.e. C sing ⊂ |E|), then [25, Lemma 2.4] recalled above in 2.1.1 implies that the map Div is surjective. In this case, we immediately see that CH 0 (C|E) = Pic(C N , ϕ * E) and that we are describing nothing but the canonical surjection
Its kernel is isomorphic to the quotient
where S is a skyscraper sheaf, supported on |E| ∩ C sing , and
In order to compute Γ(C, S) we can assume that C is projective (if not, compactify C ⊂ C ′ so that
where Y is the reduced and projective curve with ordinary singularities associated to C.
If we now suppose now that k is algebraically closed, and that n is an integer prime to the characteristic of k, we can follow the argument of [17, 7.5.18 ] to see that both L and T are n-divisible (and so, K C|E is n-divisible as well).
2.1.3. Let X be a scheme of finite type over k and D an effective Cartier divisor on it. Let ν : C ֒→ X be an integral curve, properly intersecting D (i.e. such that ν(C) ⊂ D). The divisor D restricts then to an effective divisor ν * D on C, and we have a well-defined push forward map
By composing it with the canonical map constructed in 2.1.2, we obtain a map, still denoted ν * , Pic(C, ν * (D)) → CH 0 (X|D), that we will use repeatedly in the text.
2.2. The rigidity theorem. Let X be a quasi-projective variety over an algebraically closed field k of exponential characteristic p ≥ 1. Let D be an effective Cartier divisor on X. Write U for the open complement X \ D. Let C be a smooth curve over k and let W be a 1-cycle on C × X that is flat over C and such that |W | ⊂ C × U . Let x be a closed point in C. Since W is flat over C, dim(W ∩ (x × U )) = 0, so that W and x × U are in good position. We denote by W (x) the cycle
It is a 0-cycle on X, supported outside D. Theorem 2.3. In the above notations, let n be an integer prime to p. Assume that there exists a dense open subset C 0 of C such that for every x ∈ C 0 (k) one has
3. Torsion cycles on affine varieties 3.
1. An easy moving. Throughout this section, we fix an algebraically closed field k. We discuss a result that concerns the image of torsion cycles from curves to affine varieties with modulus. As the reader will soon notice, we owe a great intellectual debt to [15] . We start by recalling the following result (see [15] , Corollary 1.2).
Lemma 3.1. Let X be a quasi-projective variety, smooth over k. Let D be an effective Cartier divisor on X and let ν : C ֒→ X be a reduced curve in X, properly intersecting D. Then there exists a projective closure X of X such that, if C (resp. D) denotes the closure of C (resp. D) in X, then the following hold:
In particular, the singular locus X sing (⊂ X − X ) has codimension at least 2 on X at each point of X sing ∩ (C \ C).
The following Proposition is an application of a classical moving argument for 0-cycles on smooth varieties. Its proof is representative of the arguments used repeatedly in [4] , Sections 5 and 6 (see, in particular, Lemma 5.4 in loc.cit.). Proposition 3.2. Let X be an affine smooth k-variety of dimension at least 2 and let D be an effective Cartier divisor on it. Let ν : C ֒→ X be an integral curve, properly intersecting D.Write ν * for the push-forward map (see 2.
Let n be an integer prime to the characteristic of k and let α in Pic(C, ν * (D)) be an n-torsion class.
Proof. Let X be a compactification of X satisfying conditions (1) and (2) of Lemma 3.1. We can find an integral projective surface
The condition that D intersects properly Y is automatic for general Y , since we can always assume that Y does not contain the generic points of D. Since X is smooth by assumption, the Bertini theorem of Altman and Kleiman [11, Theorems 1 and 7] guarantees that we can find Y containing C and such that the affine surface Y is smooth away from C. Since Y is constructed by intersecting independent general hypersurface sections of X, we see that the affine part Y is a complete intersection on X. In particular, it is Cohen-Macaulay.
By condition (2) of Lemma 3.1, we can moreover assume that Y is such that every point of C \ C is either a smooth point of Y or an isolated singularity. By resolving the singularity of Y that are on C \ C and the singularities of C \ C, we can actually assume that every point x ∈ C \ C is a regular point of Y and that C is also regular at x. Finally, again by condition (2) Replacing X with Y , we are reduced to the following case a) X is an integral affine surface, smooth away from C, and D is an effective Cartier divisor on it. b) X is a projective compactification of X, and is a Cohen-Macaulay surface. c) ν : C ֒→ X admits a compactification ν : C → X such that C is regular at C \ C and such that C ∩ D = C ∩ D. The surface X is regular at every point of C \ C. Let F denote the closed complement X \ X. Since X is affine, F is the support of a very ample line bundle L on X. For d sufficiently large, we can find global sections
such that (s 0 ) = W 0 = C ∪ E, for E integral, intersecting D properly and away from C ∩ D, is a reduced connected curve, and such that (s ∞ ) = W ∞ is contained in X \ X = F . Indeed, we can find sections a 0 , . . . , a m of V = H 0 (X, L ⊗d ⊗ I C ) such that the rational map ψ : X → P m defined by (a 0 : a 1 : . . . a m ) is a locally closed immersion on X \ C. In particular, it is separable. Since X is integral and C is reduced, the general divisor K in V is generically reduced, and if K ′ denotes the closure of K \ C, then K ′ is irreducible and reduced (this is classical Bertini, since X \ C is reduced and irreducible). Moreover, since X is Cohen-Macaulay, K is itself a Cohen-Macaulay scheme. But a generically reduced Cohen-Macaulay scheme is in fact reduced by e.g. [7, Prop. 14.124 ] (see also Lemma 3.1 at page 114 in [16] on the existence of enough pure Cartier curves, where the same argument is used). Hence W 0 above can be taken to be reduced and E can be taken to be integral. The condition that the extra component E intersects D properly and away from C ∩ D is clearly open on the space of sections.
Using s 0 and s ∞ , we can define a pencil P = {W t | t ∈ P 1 } of hyperplane sections of X, interpolating between W 0 and W ∞ . More precisely, let W be the flat cycle
given by the equation s 0 + ts ∞ for t a rational coordinate on P 1 . Then for general t, W t is integral, intersects D properly and misses the singular locus of D red .
Let S be the spectrum of the local ring of P 1 at 0, s its closed point, η its generic point. We denote by π S : W S → S the base change of W → P 1 to S. By construction, the special fiber (W S ) s coincides with W 0 , while the generic fiber W η → k(t) represents the generic member of the pencil. The family W S → S is flat, projective, so χ(O W,t ) = χ(O W,s ) = χ(O W0 ). Since W t is integral and W 0 is reduced and connected, we conclude that the curves in the family have constant arithmetic genus g = p a (W t ). Hence, the morphism π S is cohomologically flat in dimension 0 (see [5, page 206] 
is surjective, as C ∩ D = C ∩ D, we can lift α to a cycleα in Pic(C, ν * D). By assumption, we have that nα = 0 in Pic(C, ν * D), so that nα ∈ Ker(j * ), that is the subgroup of Pic(C, ν * D) that is generated by classes of (regular) points in C \ C. Since W 0 = C ∪ E, we have a canonical map 
, and therefore the kernel of π * in (3.1) coincides with the kernel of the map (still induced by π), Pic(W 0 ) → Pic(C) × Pic(E).
LetW 0 (resp.C andẼ) be the normalization of W 0 (resp. of C and E). Clearly,W 0 =C ∐Ẽ. We have then canonical exact sequences
and the groups K and L can be identified with the groups of k-rational points of two affine, commutative, and connected algebraic groups (namely, the affine parts of the generalized Jacobian varieties of the singular curves W 0 and C ∐ E). The kernel U = Ker(π * ) is then (the group of k-points of) the kernel of the map π : K → L between two affine and commutative algebraic groups. It is therefore itself a commutative affine algebraic group over k, and so it's group of points is n-divisible, being n coprime with the characteristic of k.
We choose now S ′ → S a DVR dominating S so that there is a section
Here s ′ denotes the closed point of S ′ , above 0 ∈ P 1 . Note that, since the class of nα in Pic(C, ν * D) is represented by points in C \ C, we can further assume that the divisor
for morphism of schemes given by the multiplication by n on Pic 0 (W S ′ |D S ′ ) . Let T be the normalization of an irreducible component of n
. Write p : T → S for the composite map. For t ∈ T , let Z(t) denote the divisor on W p(t) given by
where p 1 and p 2 are the two projections from W S ′ × S ′ T . Note that, since both γ ′ and γ are defining subschemes of the relative Picard scheme Pic 0 (W S ′ |D S ′ ) of line bundles with a trivialization along D S ′ , we have that
Taking T smaller if necessary, we can also assume that Z is actually closed in X × T . Moreover, the choice of T gives that
(note that for t in a dense subset of T , W p(t) is actually smooth over k and D p(t) is an effective Cartier divisor on it). Pushing forward to X gives then a map
and since Z ′ (t) is supported on X \ X for every t, nZ(t) = 0 in CH 0 (X|D). In other words, we have a family of n-torsion 0-cycles on X with modulus D, parametrized by T and represented by Z. By the Rigidity Theorem 2.3, the family is constant. In particular, whenever T is realized as dense open subset of any curve T * such that Z extends to
then for every t ∈ T * (k), the class of Z * (t) will be the same, since Theorem 2.3 only requires to check what happens on a dense set. Let now T be a smooth projective model of T , containing T as open dense subset. Let β ∞ a point of T \ T above ∞ ∈ P 1 and take
completing the proof.
The following lemma is easy to check.
Lemma 3.3. Let X be an affine smooth k-variety, of dimension at least 2 and let D be an effective Cartier divisor on it. Let u : X ′ → X be a sequence of blow-ups with center in points lying over X \ D. Then one has an isomorphism
We then have the following Corollary to Proposition 3.2.
Corollary 3.4. Let X, X ′ , D and u be as in Lemma 3.3. Let ν : C ֒→ X ′ be an integral curve in X ′ , properly intersecting D. Assume that C \ |ν * (D)| is normal. Write ν * for the push-forward map
Let n be an integer prime to the characteristic of k and let α in Pic(C, ν * (D)) be an n-torsion class. Then ν * (α) = 0 in CH 0 (X ′ |D) (and a fortiori in CH 0 (X|D)).
Proof. Let E be the exceptional divisor of the blow-up u : X ′ → X. We have to consider two cases. If ν(C) ⊂ E, then C is a projective curve and any cycle α ∈ CH 0 (C|ν * (D)) of degree zero satisfies u * (α) = 0. In particular, this applies to torsion cycles. If ν(C) is not completely contained in the exceptional divisor, write Z for the image u(C) ⊂ X and write j : Z → X for the inclusion. Since the center of the blow-up is disjoint from D, u induces an isomorphism on a neighborhood of ν * (D) between C and Z. In particular, ν
where we keep writing u for the induced morphism C → Z. The morphism u * is surjective and the kernel is n-divisible (in fact, the kernel of u * agrees with the kernel of Pic(Z) → Pic(C) since
, and this can be seen to be n-divisible as discussed in the proof of Proposition 3.2 or by an explicit cohomological computation). In particular, for every torsion class α ∈ Pic(C, ν
But then we have 0 = j * (β) = u * (ν * (α)) (by Proposition 3.2), from which we conclude ν * (α) = 0 since u * is an isomorphism.
between the n-torsion subgroups, i.e. we can represent each ntorsion 0-cycle by a class in the relative Picard group. A direct consequence of Corollary 3.4 is then that any n-torsion 0-cycle on C with modulus ν * (D) vanishes in CH 0 (X ′ |D).
Vanishing results.
We now come to the main results of this note.
3.2.1. We continue with the above notations, so X is a smooth affine variety over an algebraically closed field k, D is an effective Cartier divisor on X and X ′ → X is obtained from X by a sequence of blow-ups with centers lying over X \ D.
We will say that an integral curve ν : C ֒→ X ′ contained in X ′ (or in X) is a good curve with respect to D if the following conditions are satisfied:
a) The curve C intersects D properly, so that ν * (D) is an effective Cartier divisor on C.
For a good curve C in X or in X ′ , we have, thanks to Proposition 3.2, Corollary 3.4 and Remark 3.5, that the pushforward map ν * induces the zero map
for n an integer prime to the characteristic of k.
3.2.2. Let α be a 0-cycle with modulus on C, supported on C \ ν * D, giving a class α ∈ CH 0 (C|ν * D). Since C is good, α is n-divisible in CH 0 (C|ν * D) (since the group Pic(C, ν * (D)) is n-divisible, and CH 0 (C|ν * D) is a quotient of it). Then there is a 0-cycle β on C such that nβ = α in CH 0 (C|ν * D). We define the element n −1 C (α) ∈ CH 0 (X ′ |D) to be the class of ν * (β). By (3.4), the class is well defined.
Remark 3.6. Let (X, D) be a pair consisting of a smooth and projective k-variety X and an effective Cartier divisor D on it. Let T X|D denote the subgroup of the group of degree zero 0-cycle CH 0 (X|D) 0 that is generated by the images of torsion 0-cycles on proper smooth curves mapping to X (and having image not contained in D). In [3] , Section 2, we proved that the operation n −1 as defined in 3.2.1 satisfies two important properties (the second implied by the first) i) given two smooth curves C 1 and C 2 in X such that α ∈ C 1 ∩ C 2 , one has the equality
there is a well defined map
The projectivity of X was used in an essential way to prove the two statements. Replacing X with X affine, we have to modify slightly the arguments using the same strategy as in the proof of 3.2, making use of the nice compactification provided by Lemma 3.1. Again, we closely follow [15] (or [14], as we did in [3] ) to prove the following Lemma.
Lemma 3.7. Let ν 1 : C 1 ֒→ X ′ and ν 2 : C 2 ֒→ X ′ be two distinct good curves. Let α be a 0-cycle with modulus on X ′ , supported on (C 1 \ D) ∩ (C 2 \ D) and let n be as above an integer prime to the characteristic of k. Then we have an equality in CH 0 (X ′ |D)
Proof. First, we note that since X is smooth and since X ′ is obtained as blow-up along smooth centres, X ′ is a smooth k-variety as well. We will use a pencil argument, realizing C 1 and C 2 as components of the two special fiber of a P 1 -family of curves in X ′ . For this reason, we can introduce an intermediate player: let C ′ be a general complete intersection of hypersurfaces containing the support of α and intersecting C 1 transversally at each point of C 1 ∩ C ′ . It is clear, by the symmetry between C 1 and C 2 , that it would be enough to show the equality n −1
. We can then replace C 2 with C ′ and continue the proof. Arguing as in the proof of Proposition 3.2, we can assume that X ′ is a surface admitting a projective model X ′ such that X ′ \ D is normal and such that, for i = 1, 2, ν Ci : C i → X ′ admits a compactification ν Ci : C i → X ′ . Using Lemma 3.1, (that does not require the curve C to be integral), we can assume that C i ∩ D = C i ∩ D for i = 1, 2, so that the choice of the compactification does not effect the modulus condition of the curves. Again as in the proof of Proposition 3.2, by solving the singularities of X ′ that are on C i \ C i and the singularities of C i \ C i , we can assume that every point x ∈ C i \ C i is a regular point of X ′ and that C i is also regular there.
We keep using the notations of Proposition 3.2. Let P be the pencil P = {W t |t ∈ P 1 } of hyperplane sections of X ′ interpolating between C 1 and C 2 . More precisely, we require that i) The generic member W t is integral and misses the singular locus of D red . The restriction W t ∩ X ′ is regular. ii) The base locus of P contains the support of α and misses D. The rational map X ′ P 1 determined by P becomes a morphism after a single blow-up of each point in the base locus (this is achieved by the condition that C 1 and C 2 intersect transversally). iii) The special fibers are connected reduced curves of the form W 0 = C 1 ∪ E 1 and W ∞ = C 2 ∪ E 2 , where E i are integral curves, intersect D properly and away from X ′ \ X and are disjoint from the base locus of P .
The proof of Proposition 2.34 in [3] now goes through: we give a sketch of the argument for completeness. Write W P for the blow-up of X ′ at every point of the base locus of P and write Z for the divisor on W P determined by the cycle α. Write u : W P → X ′ for the blow-down map. The pencil W S = W P × P 1 S → S for S the spectrum of the local ring of P 1 at the origin is a flat projective family with constant arithmetic genus, making the relative Picard functor Pic 0 WS |DS → S representable (as we saw in the proof of Proposition 3.2). Using the n-divisibility of generalized Jacobians over algebraically closed fields, we can find a DVR S ′ → S dominating S so that there is a section
is a geometric generic point of S (resp. S ′ ). Let Z ′ be the horizontal Cartier divisor representing γ ′ . Note that we can assume that Z ′ is supported on X ′ \ D (in particular, away from X ′ \ X). This defines a map
, which is constant by the rigidity Theorem 2.3. Hence we have an equality 
X : Z 0 (X \ D) → CH 0 (X|D) as follows. Since both X and X ′ are smooth, given any zero cycle α supported on X \ D or on X ′ \ D, we can find an integral curve C, containing α and smooth along α. In fact, we can assume that such curve C is good in the sense of the definition given in 3.2.1.
For such C, we set n −1 X (α) (or n −1 X ′ (α)) to be the class in CH 0 (X|D) (resp. in CH 0 (X ′ |D)) of n −1 C (α). By Lemma 3.7 and Remark 3.8, this is well defined and does not depend on the chosen good curve α. By construction, the maps n Proof. Let ν : C → X be a finite map from a normal curve C to X such that ν(C) is birational to C and is in good position with respect to D. Let f ∈ k(C)
× be a rational function on C that is congruent to 1 modulo ν * D. We have to show that n −1 X (ν * (divf )) = 0 in CH 0 (X|D). Let u : X ′ → X be a sequence of blow-ups of X at the singular points of ν(C) away from D. By the previous Lemma, we have n −1 X (ν * (divf )) = u * (n X ′ of any cycle can be computed by choosing a good curve containing it, thanks to Lemma 3.7, and the latter is clearly zero.
We are finally ready to state and prove our main Theorem Theorem 3.11 (See 1.2). Let X be a smooth affine k-variety of dimension at least 2, D an effective Cartier divisor on it. Then the Chow group of 0-cycles on X with modulus D, CH 0 (X|D), is torsion free, except possibly for p-torsion if the characteristic of k is p > 0.
Proof. Thanks to Lemma 3.10, we have for every n prime to the characteristic of k, a well defined group homomorphism n −1 X : CH 0 (X|D) → CH 0 (X|D) and this is, by the remarks in 3.2.3, inverse to the multiplication by n, proving the claim.
Remark 3.12. One should note that Theorem 3.11 can not be directly pushed forward to encompass the p-torsion part of the Chow groups. For this, we refer the reader to [4] .
